NORMALIZED RICCI FLOWS AND CONFORMALLY 
COMPACT EINSTEIN METRICS 



JIE QING YUGUANG SHI* AND JIE WU * 

Abstract. In this paper, we investigate the behavior of the normahzed 
Ricci flow on asymptotically hyperbolic manifolds. We show that the 
normalized Ricci flow exists globally and converges to an Einstein metric 
when starting from a non-degenerate and sufficiently Ricci pinched metric. 
More importantly we use maximum principles to establish the regularity 
of conformal compactness along the normalized Ricci flow including that 
of the limit metric at time infinity. Therefore we are able to recover 
the existence results in |GL] [Lee] [Bi] of conformally compact Einstein 
metrics with conformal infinities which are perturbations of that of given 
non-degenerate conformally compact Einstein metrics. 



1. INTRODUCTION 

Since the seminal work of Fefferman and Graham [FGJ there have been 
great interests in the study of conformally compact Einstein metrics. Lately 
the use of conformally compact Einstein manifolds in the so-called AdS / CFT 
correspondence in string theory proposed as a promising quantum theory of 
gravity have accelerated developments of the study of conformally compact 
Einstein manifolds. As it was foreseen in [FGJ, the study of conformally 
compact Einstein manifolds now becomes one of the most active research area 
in conformal geometry. But the existence of conformally compact Einstein 
metrics remains to be a challenging open problem in large. 

In this paper we study the normalized Ricci flows on asymptotically hy- 
perbolic manifolds and use normalized Ricci flows to construct conformally 
compact Einstein metrics. We recall that Ricci flow starting from a metric 
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;g{t) = -2RiCg(^t) 



go on a manifold A^" is a family of metrics g{t) that satisfies the following: 

f- 

(1.1) < dr 

We then consider the normalized Ricci flow as follows: 

(^ 2) / 1^^^) = -2(^^c,(i) + {n- l)g{t)) 

\ 9{^) = 90 

It is easily seen that f 1 1.11) is equivalent to fll.2p . In fact explicitly 

g^{t) = e-2("-i)*(^(_i-_(e2("-i)* - 1)) 
y \ 1 ^^2(n- 1)^ 

solves (II. 2p if and only if git) solves (11. ip . We like to mention the recent nice 
work |Ba] on Ricci flows on asymptotically hyperbolic manifolds. 

Naturally one initial step is to study normalized Ricci flows starting from 
metrics that are close to be Einstein. Such questions on compact manifolds 
were studied in |Ye] , where it was observed that the normalized Ricci flow 
exists globally and converges exponentially to an Einstein metric if the initial 
metric g^ is sufficiently Ricci pinched and is non-degenerate. There are also 
several works in the non-compact cases. In [LY] the stability of the hyperbolic 
space under the normalized Ricci flow was established. The stability of the 
hyperbolic space in |LY] later is improved and extended in |Baml] |Bam2] 
ml. 



To be more precise we say a metric 51 on a manifold A^" is e-Einstein if 

(1.3) \\hg\\<e 

on }A^^ where the Ricci pinching curvature hg = RiCg + (n — l)g. The 
non- degeneracy of a metric is defined to be the first eigenvalue of the 
linearization of the curavture tensor h as follows: 

(1.4) ;,^i,f/A.((^^ + 2(^-l))^-^--^-^) 

where the infimum is taken among symmetric 2-tensors u such that 



/ dVul"^ + \u\'^)dv < 00 

J M 



' M 

and is Lichnerowicz Laplacian on symmetric 2-tensors. 

We first, based on the ideas in |Ye] |LY] . obtain the following global exis- 
tence and convergence theorem of the normalized Ricci fiow on non-compact 
manifolds analogous to the ones in |Ye] . 
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Theorem 1.1. For any n > 3 and positive constants kQ,ki,VQ, Xq, and a 
there exists e > depending only on n,kQ,ki,VQ, Xq, and a such that the 
normalized Ricci flow starting from a metric exists for all the time and 
converges exponentially to an Einstein metric, provided that 

(1) \\Rmg^\\ < ko, \\VRmgJ < ki 

(2) the volume hound vol{Bg^^{x, 1)) > Vq, for all x G M.^'' 

(3) Qq is with non-degeneracy > Xq 
U) Xvjexp(-a(i(x,xo))(ivgo < oo 
(5) Qq is e-Einstein, and 

(6) 

JM 

where d{x, xq) is the distance to a fixed point xq G A^". 

As observed in [LYj . one may replace the smaU condition (6) in The- 
orem 11.11 by some decay of the Ricci pinching curvature h, which is better 
particularly in the context of asymptotically hyperbolic manifolds. We say 
that a metric g on A^" is e-Einstein of order 7 if 

(1.5) < ee-''^(^'^'«). 



Theorem 1.2. Given n> 3 and positive constants kQ,ki,VQ, Xq, and a, let 
7 > ^a—^/Xo. Then there exists e > depending only on n, ko, ki, vq, Xq, a, Cq, 
and 7 such that the normalized Ricci flow starting from a metric gQ exists for 
all the time and converges exponentially to an Einstein metric, provided that 

(1) WRnig^W < kQ, WVRnigJ < ki 

(2) the volume hound vol^Bg^^^x, 1)) > vq, for all x G Ai"' 

(3) Qq is with the non- degeneracy > Xq 

(4) exp(— Q;(i(x, Xo))(ifgo < Cq where Cq is independent of xq 

(5) Qq is e-Einstein of order 7. 

We notice here that the volume condition (4) in Theorem 1 1 . 2 1 always holds 
for a > n — 1 on asymptotically hyperbolic manifolds [M.^, g) (cf. Lemma 
14.11) . We then adopt a maximum principle (cf. Lemma [4.21) similar to that 
in |LTj [EH] to show that the normalized Ricci flow, starting from an asymp- 
totically hyperbolic metric, remains to be asymptotically hyperbolic and the 
conformal infinity at any finite time remains the same as the initial one. But, 
in order to maintain the decay rate of the Ricci pinching curvature h near the 
space infinity of the limit metric at the time infinity of the normalized Ricci 
fiow, the decay rate of the Ricci pinching curvature h seems to be required 
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to lie in the range 



for n> 4 (cf. (14. 8 p in the proof of Theorem 14. 5p . Therefore we have 

Theorem 1.3. Given n > 5 and positive constants k^, ki,vo, Xq, let 'j > 2 
and 



Then there exists e > depending only on n, kQ, ki,VQ, Xq, and 7 such that 
the normalized Ricci flow starting from an asymptotically hyperbolic metric 
go ofC^ regularity remains to be asymptotically hyperbolic ofC"^ regularity for 
all the time and converges exponentially to a conformally compact Einstein 
metric of C"^ regularity with the same conformal infinity of go, provided that 

(1) WRnig^^W < ko, WVRmg^W < ki 

(2) the volume bound vol{Bgg{x, 1)) > vq, for all x G Ai"" 

(3) Qq is with the non-degeneracy > Xq 

(4) do satisfies 

\\hgoUx) < ee-^'^("'"«) and ||VhgJ| < Ce^^'^^"'"''). 

We hke to point out that one may produce conformally compact Einstein 
metrics with less regularity if 7 < 2. Notice that it is good enough to 
produce conformally compact Einstein metrics of regularity in the light 
of the regularity results in |CDLSj . Even though it is not easy for now to 
produce conformally compact Einstein metrics using the normalized Ricci 
flow on asymptotically hyperbolic manifolds in general. It is nice to see that 
Theorem II .31 can be used to prove perturbation existence results in |GL] [Lee] 



Theorem 1.4. Let (A^", g), n > 5, be a conformally compact Einstein 
manifold of regularity with a smooth conformal infinity {dAi, [g]). And 
suppose that the non- degeneracy of g satisfies 

(1.6) v^>^-2. 

Then, for any smooth metric h on dAi, which is sufficiently C'^'°' close to 
some g G [g\ for any a G (0,1), there is a conformally compact Einstein 
metric on Ai which is of regularity and with the conformal infinity [h] . 

The non- degeneracy condition (II. 6p is assumed because our estimate of 
the decay of the curvature h in time relies on the non- degeneracy and the 
decay of the curvature h in space at the initial time in this paper. But the 
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non- degeneracy condition (11.61) is trivially satisfied for all non-degenerate 
conformally compact Einstein metric g in dimension 5. More interestingly, 
Theorem 11.41 fully recovers the perturbation existence result in [GLj for di- 
mensions other than 4 since the non- degeneracy of the hyperbolic n-space is 
^""^•^ . Furthermore, when the non-degeneracy is small in dimensions higher 
than 5, we can get the perturbation existences in |Lee] [Bi] by constructing 
the initial metric with higher decay rate of the Ricci pinching curvature for 
a conformal infinity that is close to the given one in C'^'" for appropriately 
large k (please see Theorem 15. ip . 

Our paper is organized as follows: In Section 2 we use the ideas from 
|Yej |LYj to obtain the decay of Ricci pinching curvature in time for finite 
time when the metrics along the normalized Ricci flow are non-degenerate 
and sufficiently Ricci pinched. In Section 3 we continue to use ideas from 
|Ye] |LY] to get global existences and convergences of normalized Ricci flows 
based on flnite time results in the previous section. In Section 4 we introduce 
asymptotically hyperbolic manifolds and establish Theorem 14.51 The main 
tool is the maximum principle (Lemma 14. 2 p adopted from |LT] |EH] . The 
main challenge is to keep the regularity of conformal compactness at the time 
inflnity. In Section 5 we recall the metric expansions in |£GJ for conformally 
compact Einstein metrics and apply normalized Ricci flows to reproduce 
perturbation existence results in [GLj |Leej [Bi] . We also calculate curvatures 
for asymptotically hyperbolic metrics and evolution equations for curvatures 
along the normalized Ricci flow in the appendices for the convenience of 
readers. 

2. NRF OF NON-DEGENERATE AND RiCCI-PlNCHED METRICS 

For simplicity we will use NRF in short for the normalized Ricci flow from 
now on. Suppose that {Ai"', g) is a complete and non-compact Riemannian 
manifolds. Let Aj;, be the Lichnerowicz Laplacian with respect to the metric 
g on symmetric 2-tensor u as follows (c.f. [Bessej ) : 

(2.1) ^LUij = -AUij - 2RipjqVF'^ + RiqU!j + RjqUl, 

where Ripjq, and Rij = g^'^Ripjq are the components of Riemann curvature 
tensor and Ricci curvature tensor of the metric g respectively. Note that in 
our notations, for any smooth function v on {Ai,g), we have 

^dvgij) = -{Av)gij, 

where A is the Laplacian operator on function with respect to metric g. For 
convenience we make the following convention. 
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Definition 2.1. A complete Riemannian manifold (A^", g) is said to satisfy 
the condition B{kQ, vq, Aq) with some positive constants ko, Vq, Xq, if there hold 
the following three conditions: 

(i) hounded curvature condition 

\\Rm{g)\\g<ko, 

(a) the volume bound 

vol{Bg^{x, 1)) > vo 

for all X G M"'. 
(Hi) non- degenerate condition 



[ {{AL + 2{n-l))ui„Ui,) >Xo I 
Jm Jm 



IM JM 

holds for any symmetric 2-tensor u such that /^fd V-up + \u\^)dv < oo. 

Due to the equivalence between Ricci flow and the normahzed Ricci flow, 
the short time existence and some basic curvature estimates for the normal- 
ized Ricci flows have been established in Theorem 1.1 in |Shi] . But for our 
purpose we would like to have the following curvature estimates, which can 
be proven via the maximum principle as in |Shi] . Namely, 

Lemma 2.2. Let go be a Riemannian metric on A^" which satisfies 

WR'mWco^M) < h, ||Vi?m||co(x) < ki 

with some positive constants k^^ki. Let g{t) for t G [0,T] is the solution 
to (11.21) obtained in Theorem 1.1 in [ShiJ. Then, for each t e (0,T], the 
following estimates hold on Ai"': 



(2.2) \\VRm\\coiM)it) < C2, 

(2.3) \\V'Rm\\coiM){t) < % 

where C2, C3 are some constants depending only on n, ko, ki,T. 



Proof. Estimates (12. 2p and (12.31) are included in (4) in Theorem 1.1 in |Shi] . 
But it takes a more or less the same proof to verify them. For the convenience 
of the readers we briefly sketch the proof. First we know from (4) in Theorem 
1.1 in [Shi] that 

\\Rmfi-,t)<C, 
for t e [0,T]. To prove (|MD set 

V9i = (a+ \\Rmf)\\VRmf - {a + k^) ■ k^, 



where a > is some constant to be determined later. It follows from the 
evolution equations flB.4p and fIB.Sp that tpi satisfies 

d 1 

—if, < Av?i - —(^1 + (a + kl)klf + C{ipi + (a + kl)kl). 

upon choosing a = 7Ci. 

Arguing as in [Shi], for each point xq G A^, we can find a function ^ such 
that ^(x) = 1 in B{xo, 1), ^(x) = in \ B{xo,2) and < ^(x) < 1 for 
X G A^. Moreover, its derivatives satisfy the following estimates: 

iVelo < C^{x) Vx G M 

where V and | • |o are those with respect to the metric g{0). Set the function 
Fi{x,t) = ^(x)(^i(x, t), (x,t) G Al X [0,r], and note that our assumptions 
imply 

Fi(x,0)<0 VxgAI. 
If Fi(x, t) <0 for each (x, t) G Al x (0, T], then the proof of (I2l2|) is complete. 
Otherwise there exists a point (xi,ti) G B{xq,2) x (0,T] such that 

= max Fi(x,t) > 0. 

Mx[0,T] 

Then 

OF 

VFi(xi, ti) = 0, -Qf{xi,ti) > 0, and AFi(xi, h) < 0, 
which implies, at (xi,ti), 

(2.4) J-^^l<-^^AC + c^^ + c, 
where one uses the fact that 

due to the properties of the function ^ and VF = 0. Recall that 

(2.5) = —g^^{RaS,l3 + -R/3<5,a " Ra^^s), 

and (4) in Theorem 1.1 of [Shi], for t G [0,T] 

C 

\\VRm\\ < —p. 

Vt 

We easily get 

|r^^(xi,ti) - n^(xi)| < C and - A^ < C. 
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Therefore we conclude from (12. 4p that 
which imphes that 

||Vi?m||(-,t) < C(n, ko,ki,T). 

for all t e [0,T]. 

To prove (12.31) . we set ip2 = {b+ ||-Rm|p + || Vi?m|p)||V^/2m|p and choose 
suitable b such that 

d 

— V?2 < AV92 - ClpI + C(f2 + C. 

at 

Considering F2 = one similarly obtains the estimate (12. 3 p □ 

An immediate consequence of (12.31) is that the sectional curvature point- 
wisely changes little in a short time period along NRF. Next we specify the 
Ricci curvature pinching conditions in this paper. 

Definition 2.3. A Riemannian metric g on Ai^ is called e-Einstein if it 
satisfies on Ai that 

sup \\Ric{g) + (n - l)g\\g{x) < e. 

A metric g is said to he e-Einstein of order 7 if, for a positive number 5, 
there holds for any x E M. that 

\\Ric{g) + {n-l)gUx)<ee'^'^^'''^\ 

where d{x, Xq) is the distance from x to some fixed point xq with respect to g. 

Let us first investigate the behavior of the tensor h along NRF when the 
metrics along the flow are known to be e-Einstein and satisfy the condition 
B{kQ,Vo, Xq). This is easy, particularly after ^] |LYj . yet the important 
initial step. We adopt the approach in |Ye] to obtain C° decay estimates of 
h from decay estimates via Moser iteration. To derive decay estimate 
from the non-degenerate condition on complete and non-compact manifold, 
we follow the interesting heat kernel estimates of Grigor'yan [Gri] given in 

Lemma 2.4. Let g{t),t G [0,T], be a solution to (II. 2p . We assume that g{t) 
satisfies 

M;t)-g{;0)\\,<e, 
the condition B{ko, Vq, Xq), and e-Einstein for each t G [0, T] and sufficiently 
small e. And we assume that 

exp ( — ad{x, xo))dvg(o) < 00 



for a positive number a. In addition, suppose that 

||/i||Mvgo < oo. 

'M 

Then for any {x,t) E Ai x [r, T], we have 

Whf < Ce-(2^«-^^)* / ||/i||Mv, 



(n) 



go 
M 



\\Vh\\{x,t) + \\V^h\\{x,t) < Ce-(2^°-^^)* / ||/if dvg„ 

Jm 



where C is a constant depending only on T, /uQ, 6q, Aq, ri. 



Proof. The first step is the same as observed in [Yej . Since the sectional 
curvature with g{t) is assumed to be bounded by ko the evolution equation 
(m yields 

^\\hf <A\\hf + C\\hf. 
ot 

We also know that the Sobolev constant is bounded because the curvature is 
bounded and the injectivity radius is bounded from below from the condition 
B{kQ, vo,\o) (cf. Lemma l3.ll and [Chej |Heb] ) . Hence the standard Moser 
iteration in the parabolic ball Bq{x, -y/r) x [t — r, t] implies 

ft 

|2 



(2.6) sup \\h\\'<C{n,TM) / \\h\\\y,s)dyds. 

In the second step we follow the idea in |LY] to derive the decay from the 
non-degeneracy of g{t). To do so we recall the auxiliary function from |LY] 

where do{y) is the distance function from the point y to the geodesic ball 
Bo{x, \/t) with respect to the initial metric g^ and Co is chosen so that 

(2.7) es + ^iiveir<o. 

We then set 

J{s)= I \\h\\\y,s)e^^y^'^dy. 



JM" 

With the volume growth condition and the fact that g{t) are all quasi- 
isometric to go one sees that J{s) is finite for all < s < t < T. The 
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important observation here is that the non- degeneracy imphes the exponen- 
tial decay of J(s) when it evolves. We compute 

dJ 



ds 



JM 

+\\h\\\^iAy + CeJ{s), 



where we used the evolution equation ( IB.ip and the e-Einstein condition for 
g{t). It is crucial to realize from (12. 7p that 



f 2{Ah)he^ + Whfe^Csdy < / 2 < A{eh), (eh) > 

JM JM 



and therefore 



(2.9) ^{s)<-2 <{AL + 2{n-l)){eh),{eh)> +CeJ{s), 



dJ 
d^' 

which implies 

(2.10) ^(,)<_(2Ao-C£)J(s) 

ds 

by the non-degeneracy property of g{t) and the fact that 

/ (||V(eU)f + e«||/if) < oo 
Jm 

in the light of curvature bounds and the volume growth assumption. There- 
fore we obtain 

(2.11) J(s) <e-('^°-^^)V(0). 
Going back to (12. 6p we thus derive that 

(2.12) sup ||/if < Ce-^'^"-^^)* [ V(-'°)dvg(o) 
Bo{x,^)xit-^,t] Jm 



which implies (i) of the conclusion. And the conclusion (ii) follows from (i) 
and some standard estimates. □ 

When the initial metric is er-Einstein of order 7, instead of having of 
the curvature h finite, with a little changes of the proof, we conclude that 

Lemma 2.5. Let g{t),t E ^,T], he a solution to (II. 2p . We assume that g{t) 
satisfies 

\\gi-,t)~gi-,0)\\g<e, 

the condition B{kQ, vq, Aq), and e-Einstein, for each t G [0, T] and sufficiently 
small e. And we assume that 

(2.13) / exp(— arf(x, Zo))(it'c, < C 

JM 
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for any xq G M., where C is independent of xq. In addition, suppose that go 
is €0- Einstein of order 7 such that 



for any < Ai < 2Ao. 

Proof. This is simply because, in fl2.12p in the previous proof, one notices 
that 



We remark that the volume condition (12.131) will be proven to hold on 
asymptotically hyperbolic manifolds in Lemma l4n In particular, in the cases 
of perturbation of hyperbolic space, as discussed in jLYj . then a > n — 1 and 
A > - Ce. Therefore (EH becomes simply 7 > in |LY] . 



In this section we show that NRF starting from a non-degenerate metric 
with a sufficiently pinched Ricci curvature will remain to be non-degenerate 
and sufficiently pinched in Ricci curvature. Therefore we will be able to use 
Lemma 12.41 and Lemma 12.51 to prove long time existence and convergence 
theorems on complete non-compact manifolds. This approach is more or less 
the same as the one taken in |Ye] . The key is to investigate how curvature 
bound, the volume yo\{B{x, 1)) lower bound and non- degeneracy evolve along 
NRF. The strategy is to first use curvature bounds of Theorem 1.1 in |Shi] and 
Lemma [2]2] in the previous section to make sure those quantities change little 
in a very short time, then using exponential decay estimates of Lemma 12.41 
and Lemma [2751 to keep those quantities change little even after an arbitrarily 
long time. 

It is known that one can bound the injectivity radius from below provided 
that one has volume lower bound and bounded curvature (cf. [Che]). For 
the convenience of readers we recall that 




-Alt 




when a + b > a in the light of the volume assumption (I2.13p . 



□ 



3. Long time existence and convergences 
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Lemma 3.1. Let (A^", g) be a complete Riemannian manifold and that 

\SecM\ < k and volB{x,l) > v 
for all X G A^", where B{p, 1) is the unit geodesic ball at p. Then 

(3.1) injM > S{n,k,v). 

Let us solve the short time problem first. 

Lemma 3.2. Assume that g^ satisfies the condition B{ko,VQ, Xq) and is Sq- 
Einstein. In addition we assume that \WRm\ < ki for g^. Then, for any e > 
0, there exists a positive number r depending only on /cq, fci, Aq, n, and e such 
that the solution g{t) to (II. 2p satisfies the conditions B{ko + e,vo — e, Xq — e) 
and (eo + e) -Einstein for all t G [0, r] . 

Proof. The proof is to verify the continuity of all the quantities involved in 
the conditions B{kQ,VQ, Xq) and e-Einstein. In the light of Lemma 12.21 we 
easily see that there is r > such that 

\\Rm{g{t))\\g^tj <ko + e and \\h{g{t))\\g(^t) < eo + e 

for all t G [0,t]. 

For the non-degeneracy, we recall the quadratic form Q on symmetric 2- 
tensors: 

Q{u,g)= / < {Al + 2{n - l))u, u > dVg 

(3.2) 7 

= / llVwf + 2 / R,p,,uP''u'^ + / ih,ku'^ + h.ku'iy^ 
Jm" Jm" Jm" 

and the definition of non-degeneracy: 

Jm \M/V9 

where infimum is taken over all symmetric 2-tensor u on {M.,g) with 

\W\\m-2(M,g) = / iW"^ U\\'^ + \\u\\'^)dVg < OO, 

Jm 

and V and norm || • || are taken with respect to metric g. It is then straight- 
forward to estimate 

X{g{t)) > Ao - e 

when \\g{t) - go\\, \\Tlf^igit)) - Tlf^igo)\\, and \\Rm{g{t)) - Rm{go)\\ are all 
sufficiently small for all t G [0, r]. 
Finally it is easily seen that 

vo\{Bg(t)ix, 1)) >vo-e 

when r is sufficently small. □ 
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Next let us show that NRF starting from a non-degenerate and Ricci suffi- 
ciently pinched metric will remain non-degenerate and Ricci pinched forever. 
The idea of the proof is the same as the one in |Yej . 



Lemma 3.3. Suppose {Ai, go) is a complete Riemannian manifold satisfying 
the conditions B{ko,vo, Xq) , \VRm\ < ki, and So-Einstein, where SCsq < A 
in Lemma \2.4\ for the metric g{t) satisfying the condition i?(2A;o, |fo, ^Aq) 



along NRF. And suppose that 

I ex.'p{—ad{x,XQ))dvgQ < oo 
Jm 

for some positive number a. Then, for any e > 0, there is a small number 
5 > such that, the solution to NRF exists in [0, +oo) and satisfies the 
conditions B{ko + e,Vo — e, Aq — e) and {sq + e)-Einstein for all t G [0, +oo), 
provided that 

Jm 

Proof. First, for NRF starting from a metric go satisfying the conditions 
i?(A;o, fo, Aq) and \VRm\ < ki, we apply Lemma \^72\ and find a number 
r > such that g{t) satisfies the condition B{ko + ^e, Vq — |e, Aq — |e) and is 
(^o + |e)-Einstein for each t G [0, r]. It is important that Eq is small enough 
that SCeq < Aq. for the metrics g{t) in B{2kQ, ^vq, |Ao) in Lemma [2^ 

Now, for any T > r, if g{t) satisfies the condition B{ko + ^e, Vq — ^e, Aq — |e) 
and is (eo + |e)-Einstein for all t G [0,T], based on the estimates (i) and (ii) 
in Lemma 12.41 and the evolution equations (11. 2p ( IB. 31) (12. 5p we have 



\g{t)-g{r)\\<C{ \\hrdu 



^9 J 



M 



Jm 

\\Rm{g{t))~Rm{g{r))\\<C{f \\h 

JM 
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^dv 



IM 

where C depends only r, /cq, fo, Aq, n for t G [t,T]. Therefore the Riemann 
curvature bound, injectivity radius, non-degeneracy, and the Ricci pinching 
all change as small as desired, independently of T, provided ||/i|pdt>c, is 
sufficiently small. For instance we take ||/i|pc?t'g < e so that g{t) remains 
to satisfy the conditions B{ko + |e, Vq — |e, Aq — |e) and {eq + |e)-Einstein for 
all t G [0,r]. What is important here is that the choice of e is independent 
of T because of the exponential decay in Lemma 12.41 

Thus we may argue as follows: Suppose otherwise we have a largest number 
To < oo such that g(t) exists and satisfies the condition B{ko + ^e, VQ — ^e, Aq — 
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|e) and (5o + |e)-Einstein for all t G [0, Tq). Then, the above argument, which 
is based on Lemma \2A\ tells us that in fact g{t) satisfies the conditions 
B{kQ + |e, fo — |e, Aq — |e) and {eq + |e)-Einstein for all t G [0,To], which 
contradicts with the maximality of Tq. □ 

Using a similar argument, based on Lemma [2.5[ we therefore also have 

Lemma 3.4. Suppose that {Ai, go) is a complete Riemannian manifold sat- 
isfying the conditions B{kQ,vo, Xq) and |Vi?m| < ki, and that 

/ exp{—ad{x, xo))dvg < C 
Jm 

for some positive number a and C , where C is independent of Xq. Then, for 
any number e > and a number 7 > |(a — 2a/Ao); there is a small number 
6 > such that, the solution to NRF exists in [0,+oo) and satisfies the 
conditions B{ko + e,vo — e, Aq — e) and {eq + e)-Einstein for all t G [0, +00), 
provided that the initial metric go is 6-Einstein of the order 7. 

Finally we state and prove main theorems in this section including the 
convergences for the above global NRF at the infinity of the time. 

Theorem 3.5. For any n > 3 and positive constants ko,ki,vo,Xo,a, there 
exists a positive number 6 > depending only on n, kQ, ki,VQ, Xq such that 
NRF on Ai^ starting from a metric go satisfying the conditions B{kQ, vq, Aq), 
|Vi?m| < ki, and 

/ exp{—ad{x, XQ))dvg < 00 
Jm 

exists for all the time if the initial metric is 6-Einstein and 

(3.3) / \\h\\ldvg<6. 

Jm 

Moreover NRF converges exponentially to a non- degenerate Einstein metric 
goo in C°° as t — 7- 00. 



Proof. First, from Lemma 13. 3[ we pick up positive numbers £0 and 6 < Eq 
such that NRF from a metric go satisfying 

(1) the conditions B(ko,Vo, Xq) and |V-Rm| < ki, 

(2) eo-Einstein; 
(3) 

/ \\hrgdVg<6, 

Jm 

exists and satisfies the condition B{2kQ, ^Vq, |Ao) and 2£o-Einstein for all the 
time. Therefore 

\\h\W-,t) < Ce-(^»~^^)* 
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for all the time big. Thus NRF converges exponentially to a non-degenerate 
Einstein metric g^o as t ^ oo. The NRF actually converges to in C°° due 
to the curvature estimates and the lower bound on the injectivity radius. □ 

Similarly we also can conclude 

Theorem 3.6. Given any n > 3 and positive constants ko,ki, Vo, \o,a, let 
7 > I — y/Xo- Suppose that a given metric go on Al" satisfies the conditions 
B{ko,vo, Xo), |Vi?m| < ki, and 



where C is independent of Xq . Then there exists a positive number 5 > 
depending only on n,ko,ki,VQ, \Q,a,j,Co such that NRF on A^" starting 
from the metric go exists for all the time, provided that go is 5-Einstein of 
order 7. Moreover NRF converges exponentially to a non- degenerate Einstein 
metric g^ in C°° as t ^ 00. 

4. NRF ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 

In this section we consider NRF on asymptotically hyperbolic manifolds. 
To see how NRF starting from an asymptotically hyperbolic metric remains 
to be asymptotically hyperbolic with the same regularity, at least up to 
certain order, we need to estimate the decay rate of h at infinity of manifold 
{Ai,g{t)). Our approach is to rely on a maximum principle. 

Let us first introduce asymptotically hyperbolic manifolds. Suppose that 
is a smooth manifold with boundary dA4"~^. A defining function of the 
boundary is a smooth function x : ^ such that, 1) x > in A^; 2) 
X = on dAi; 3) dx ^ on dAi. A metric (7 on is said to be conformally 
compact if x'^g is a Riemannian metric on At for a defining function x. The 
metric g is said to be conformally compact of regularity C'^'" is x'^g is a C'^'" 
metric on Al. The metric g — x^g induces a metric g on the boundary dAi 
and the metric g induces a conformal class of metric [g] on the boundary dAi 
when defining functions vary. The conformal manifold {dAi, [g]) is called 
the conformal infinity of the conformally compact manifold (At, g). 

{Ai, g) is said to be asymptotically hyperbohc if it is conformally com- 
pact and the sectional curvature of g goes to —1 approaching the boundary 
at the infinity. The most basic and important fact about asymptotically hy- 
perbolic manifolds is that, for a choice of a representative g & [g\, there is a 
unique so-called geodesic defining function r such that there is a coordinate 
neighborhood of the infinity (0, ro) x 5A1 C Al where the metric g is in the 
following normal form 




(4.1) 



g^r '^{dr'^ + gr) 
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where Qr is one-parameter family of metrics on DM. and [gr)\r=o = g. 

Our goal is to consider Theorem l3.6l in the context of asymptotically hyper- 
bolic manifolds. For that purpose we need a basic property of asymptotically 
hyperbolic manifolds regarding f l2.13p . A very efficient way to use the asymp- 
totic hyperbolicity of asymptotically hyperbolic manifolds is the boundary 
Mobius charts introduced in |Lee] (cf. Lemma 6.1 in [Lee]). 

Lemma 4.1. Suppose that {Ai"', g) is an asymptotically hyperbolic manifold. 
Then 



/ ex.p{—ad{x,XQ))dvg < C 
Jm 



IM 

for any constant a > n — 1, where C is independent of xq. 

Proof. First of all this lemma is obviously true on the hyperbolic space form 
simply because the isometry group of the hyperbolic space form is transitive. 
For any given xq & Ai it is clear that 

/ eY.Y>{—ad{x,XQ))dvg < oo 
Jm 

for any number a> n—1. The issue is to prove that C can be uniform for all 
Xq E M.. Hence we will only need to deal with the cases when xq is near the 
boundary at the infinity. In other words, we may assume Xq is in boundary 
Mobius charts Ui = {(r, 6') : r G (0,ri) and \9\ < rj C U2 = {(r^O) : r G 
(0,2ri) and |^| < 2ri}. Using Lemma 6.1 in [Lee] on the boundary Mobius 
charts it is clear that 

/ exp{—ad{x, xo))dvg < C 
Ju2 

for some constant independent of xq. Therefore it suffices to show 

exp{—ad{x, Xo))dVg < C 

IM\U2 

for some constant independent of Xq. In fact we may just let 

/ exp(— ad(x, a;o))(ifc, < voids E M. : r > ri}). 

J {x^M:r>r\} 

Now for x G {r G (0,ri)} \ U2 we notice that d{x,XQ) > y. Because the 
geodesic realizing the distance from x to xq must enter Ui and the distance 
from a; G {r G (0, ri)} \ U2 to the boundary of Ui is at least Therefore 



{■re(0,ri)}\(72 



exp{—ad{x,Xo))dVg<C / / ^ "exp(— a — )dadr<C. 

Jo JdM ^ 



□ 
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—u — Ag^u < aVu + bu, 



In |EH] , the authors adapted a method from |LT] and extended the maxi- 
mum principle on non-compact manifolds in |LTj to allow the metrics to be 
time dependent. For our purpose we will need a variant of Theorem 4.3 in 
|EH] . To clarify the terminology, a complete Riemannian manifold {Ai, g) 
with boundary here is a non-compact manifold with a compact boundary 
dM.. The typical example is the exterior of ball in the Euclidean space. Also 
= max{n, 0} as usual. 

Lemma 4.2. Suppose that {Ai"',g{t)) is a smooth family of complete Rie- 
mannian manifolds with boundary dAi for t E [0, T]. Let u be a function on 
M. X [0,T] which is smooth on x (0,T] and continuous on Ai x [0,T]. 
Assume that u and g{t) satisfy 
(i) the differential inequality 

d_ 

where the vector a and the function b are uniformly bounded 
sup \a\ < ai, sup \b\ < 0^2, 

Mx[0,T] Mx[0,T] 

with some constants 01,0:2 < 00. 

(n) 

supM(x,0) < and sup u{x,t) < 0. 

M dMx[0,T] 

(Hi) 

/ exp [-a3d\y,pY]ul{y)dvt{y)dt < 00 
for some positive number 03. 

.d. , . 
sup \—g[x,t)\ < 04 

Mx[0,T] 01 

with some constant 04 < 00. 
Then we have m < on x [0, T]. 

Proof. The proof only differs from the proof in [EHj in the last step. For the 
convenience of readers we sketch it and readers are referred to the proof of 
Theorem 4.3 in [EHJ for details. First we use the same function 



16(2»)„-s)' 

where ds{p,y) is the distance function with respect to the metric g{s) and 
r]Q < min{r, -^}- Secondly we consider the same function 

Uk = max{min{i/, K}, 0}. 
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Thirdly the cut-off function is defined as usuah = 1 on Bp{R) ; = 
outside of Bp{R + 1), and is time independent, as in [EHj . Following the 
same calculations in |EH] we arrive at (please see the equation at the bottom 
of page 565 of [EH]) 



e 



J B„(R) Jo J Msr\BJR+l) 



„x JBp{R) Jo JMsr\Bp(R+l) 

+ C / e-^' / e'u\ 

Jo J Bp{R+l)\Bp{R) 

for any r] G (0, r]o] and Ms = {x e M : u{x, s) > 0}. Notice that Ms^dM = 
for all s G [0,T] in the light of the assumption (n). Because of the choice 
of r]f) we know from the assumption {Hi) 

e^u\ < oo. 

'0 JM 

Therefore, instead of asking — )■ oo first to get rid of the second term, here 
we ask K — )■ oo first to get rid of the first term. Since iVui^-p — )■ |Viip 
monotonically on A^^ as K — )■ oo we have from (14.21) 

e-^' [ e'{uKy\s=r, < C Te-^^ / e'ul. 

J Bj,{R) Jo J Bp{R+l)\Bp{R) 

Thus, from the assumption (iii), taking i? — )■ oo we finally reach 

e^(M+)'|s=^ < 

M 

which implies that u{-,r]) < for all rj G [0,?7o]. Then inductive argument 
implies that u{-, s) < for all s G [0, T]. □ 

First let us state and prove an easy consequence of Lemma 14.21 and obtain 
the decay estimates that are time-dependent, in other words, short time 
regularity for g{t) as asymptotically hyperbolic metrics. 

Lemma 4.3. Suppose that g{t), t G [0,T], is NRF starting from an asymp- 
totically hyperbolic metric g satisfying \\Rm\\ < ko and ||V-Rm|| < ki. Then 
there exist numbers C , depending on ko, ki, n, Co, and T such that 

\\h\\{-,t) < Cr\ ||V/i||(-,t) < Cr^' and || V^/i|| (■, t) < -^r^ 

vt 

for allte [0,T], if 

■,0) < Cor^ and ||V/i||(-,0) < Cqt"'. 
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Proof. In the light of the curvature estimates in Lemma \2.2\ from the evolu- 
tion equations flB:2|) . flRT]) . flRSj) . we obtain 

|ii/.f < A\\hr-2\\vhr+c\\h\\', 
|iiv/.f < A\\vhr-2\\v'hr+c{\\hr+mr), 

+{i+ct)\\v'hr+cm\'+\m\'), 

Let r be a fixed geodesic defining function of the asymptotically hyperbolic 
metric Qq, one knows the fact that \Agr\ < Cr and ||Vc,r||^ < Cr^. To 
estimate |Ac,(t)r| and || Vg(f)r||^j.j^, we recall again 

= -g {Riij + Rij,i - Rij,i) 

and thus calculate 

a _ . d 



r 



Form the fact that C ^ g < g{t) < C g and the curvature estimates in Lemma 
12.21 we get the desired estimates 

|A,(,)r|<Cr and \\V g(t^r\\]^) < Cr\ 

We consider h = r~^h, Vh = r^^Vh, V^h = r~'^'V'^h, and V^/i = r~'^'V^h 
and calculate 

^^fhr < Aii/^f -iiv/^f +cii/if, 

|||V/.f < A||V/.f -||V2/.f + C(||/.f + ||V/.f), 
|(t||V2/.f) < A{t\\V'hf)-t\\V^hr 

Hi+ct)\\v^hf+cm\'+mr)- 
= fhf + \\vhr 
^2 = \\hr+mr+t\\v'hr, 



Set 
and 
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and calculate that 



d d 

—(fi < Aipi + Cifi and —ip2 < + C(p2- 



Therefore 



^(e-^Vi) < (e-^*A(^i) and §-^(^-^'^2) < (e'^^A^^)- 

Thus the lemma follows from Lemma 14.21 The assumption [iii) is satisfied 
because, for an asymptotically hyperbolic manifold, 



/ exp {—ad{x, Xo))dVg < 00 
Jm 



for any a > n — 1 and that 

]_Q-d.(x,xo) < ^ < (jQ-d{x,xo) 

c 

for some constant C. □ 

To get the decay estimates independent of the time, we need to be a 
bit more careful in the above calculation, at least, near the boundary at 
the infinity. On an asymptotically hyperbolic manifold (A^", go), in the 
coordinates at the infinity introduced by a fixed geodesic defining function r 
for < r < To, we know that 

|Vgr|^ = and A^r = (2 — n)r + O(r^), 

in the light of the normal form (14. ip . To better estimate || Vg(t)r||g(-^-) and 
Ag(t)r along the flow g{t), we calculate as follows: 

Lemma 4.4. Suppose that (A^, g^) is an asymptoticlly hyperbolic manifold 
with a fixed geodesic defining function r for < r < tq. Let g{t) ,t G [0,T], 
he NRF starting from the metric go such that 



f\\h\\{;s)ds<d 

Jo 



for all t e [0, T], where the number 6 is independent ofT. Then, for < r < 
To and some C independet of T , we have 

(4.4) \\^g{t)r\\l(t) = r'^ + C5r'^ and Ag(^t)r = {2 - n)r + C6r + Cr^ 
for some C independent of T. 

Proof. First, using (IL2p . we calculate 
d_ 



-J^V,rV,r = -2g'^huig'^V,rV,r. 



\hf = A\\hf - 2|| V/if + ARijkiK-^yK 
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Hence, by the assumption, it is easy to get || Vg(t)r||^|.^j = {1+C6)r'^ . Similarly, 
from fOj) . 

and the assumptions, it is easy to check that Ag{t)r = {2—n)r+CSr+Cr'^ . □ 

Let us revise the calculations in the proof of Lemma 14.31 and be more 
careful this time with the help of Lemma S31 First let us recall the evolution 
equation (1B.2P 

— I 

Let h = r~'^h. Then h satisfies the evolving equation: 

|-||/if = r-27A||/if - 2r-27||v/if + AR,jkih'^h^^ . 

We calculate 

r-^^A\\hf = Afhf - (Ar-27)||/^||2 _ 2^r'^^ . V||/if 

^^■^^ = A\\h\\' - (27(27 + {n- 1)) + C6 + Cr)\\h\\^ + 47— ■ r-2^V||/i||' 

r 

where 

Ar-^"' = (27(27 +{n- 1)) + C6 + Cr)r-'^^ 

due to Lemma I4.4[ For the last term in (14 .Sp we split into two equals and 
treat them differently 

47— ■ r-2TV||/if = 47— r-^/i*^' ■ r-^^hi. + 27— ■ V||/if + Al^\hf ■ || — f 

np ijn iy> ijn 

< 2^'\\hf ■ II — f + 2r-2^||V/i||2 + 27— ■ Vfhf + 47l/if • || — 

ly ly ly 

Therefore we arrive at 

, , |.||/,||2< A||/if + 27— -Vll/zf 
(4.6) at" II - II II ' r " " 

+2(7^ -{n- 1)7 + Cr + C5)||;i||' + ARijkih^'h^' ■ 
Now we are ready for the main theorem of this section. 
Theorem 4.5. Given any n> 5 and positive constants fco, ki,VQ, Xq, let 



,n — 1 , I— (n — ,77,-1 / (77 — 1)^ 

7e(^-min{v^o,^^^-2}, ^ + ^^^-2). 

Suppose that (A^", Qq) is an asymptotically hyperbolic manifold of regu- 
larity, where go satisfies the conditions B{ko,vo, Xq) and VRm\ < ki. Then 
there exists a positive number 6 > depending only on n,ko,ki,vo,Xo,S such 
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that NRF on A^" starting from go exists for all the time if the initial met- 
ric Qo is 6-Einstein of order 7 and ||V/i|| < Cr'^ . Moreover NRF converges 
exponentially to a non-degenerate Einstein metric g^o in C°° as t 00, and 
Qoo is C"^ - conformally compact with the same conformal infinity as the initial 
metric go ifj>2. 

Proof. In the hght of Lemma 14.11 and Theorem 13.61 we know NRF exists all 
the time and converges exponentially to a non-degenerate Einstein metric 
Qoo in under the assumptions of this theorem. Because a in Theorem 
13.61 is any number greater than r?, — 1 for the given asymptotically hyperbolic 
metric g. 

To show that g^o is conformally compact of some regularity we will apply 
Lemma S2] to get the curvature h decay both in time and in space approach- 
ing the infinity. For that we consider h = e^^*r~"'h and calculate, from f l4.6p . 

, , < A||/if + 27— -Vll/if 

(4.7) dV^ II _ II II I ^ II II 

+2(72 - (n - 1)7 + C5 + Cr) II /if + 4%fci/i*'=/i^'' + 2Ai 
From the proof of Theorem 13.61 we also know that 

\\Rijki{9{t)) - Rijki{9o)\\ < C6 
for all t. Therefore we have, for r G (0, ri) for some ri, 

^fhf < Afhf + 26— ■ Vfhf + 2A\\hf, 
at r 

where 

(4.8) A = -i'^ -{n-l)-i + 2 + C5 + Cr + \i<Q 
when (5, r, and Ai is sufficiently small for a given 



7G(^-min{v^o,y^^-2}, + \l - 

To apply Lemma 14.21 we verify the bounds at the initial time and on the 
boundary at r = ri. To make sure ||/if is bounded at r = ri for all time 
we need to set Ai less than the index of exponential decay we observed from 
Lemma 13.41 Thus from Lemma 14.21 we have 

(4.9) ||/i||(-,t) < Ce-^^V^ 

for some positive number Ai and for all the time, which implies that 

\\r'^g(t) — r'^gWg < Cr"^ 

for all the time. So it is clear from here that g^o is conformally compact 
with the same conformal infinity as the initial metric g. For the regularity 
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we consider the Fermi coordinate {r,9^, - ■ ■ ,9" ^) near the boundary at the 
infinity of Ai and calculate 

dk9ij{-, t) - dkQiji-, 0) = -ArdkT / hij - 2r rdkhj 

Jo Jo 

where dk = f = and g{t) = r'^g{t). By direct calculation, one easily 
gets that Vkhij = dkhy + Cr~^ ||/i|| .Hence 



\\^k9^Ji■,t) - dkg,ji-,0)\\s < Cr^'' + Cr~' [ \\Vh\\. 

Jo 

Therefore to say g{t) is it suffices to get the estimates 

(4.10) ||V/i||(-,t) < Ce-^^V^ 

for all the time t for some 7 > 1. Moreover to show g{t) is conformally 
compact we need, in addition, 

(4.11) ||V'/i||(-,t) < Ce-^^V^ 

for all t and some 7 > 2. From Lemma (2.41 we know f l4.10p and (14. lip hold 
for t greater than some small number. Therefore the issue is to get decay of 
||V/i|| and ||V^/i|| in space for small t > 0. In a similar way it is easily seen 
that to show that g{t) is of it suffices to show that 

\\Vh\\{-,t) < Cr^ and \\V^h\\{-,t) < -^r^ 

for t > small, when 7 > 2. The proof is complete because of Lemma 
01 □ 

Remark 4.6. The reason that we are only concerned with regularity for 
the conformal compactness of the metric goo in the above theorem is because 
the regularity theorem in |CDLSj . which states that a conformally compact 
Einstein metric is smooth in all even dimensions and polyhomogeneous in 
odd dimensions greater than 3 if it is conformally compact of regularity 
and the conformal infinity {dAi, [g]) is smooth. 

5. Perturbation existence of CCE metrics 

In this section we would like to apply Theorem 14.51 to recapture some 
works in |GLj |Leej [Bi] . Our approach is to construct a good initial metric 
nearby a given non-degenerate conformally compact Einstein metric and to 
apply Theorem 14.51 The construction is based on the metric expansions of 
Fefferman and Graham. We glue together the given metric away from the 
boundary and the metric on collar neighborhood of the boundary from the 
expansion of Fefferman and Graham. The issues are to make sure the glued 
metrics satisfy the assumptions on the initial metric in Theorem 14.51 
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Suppose that (A^", g) is a conformally compact Einstein manifold with 
the conformal infinity (9A^, [g]). Suppose that r is the geodesic defining 
function associated with the conformal representative g G [g] on dAi. Then 
the metric expansion is given as follows (cf. |FG] ): 

g, = g + ^(2)^2 + . . . + g{n-3)^n-3 ^ 1^^^ + g^^'-^^r''-^ + ■ • • 

= g + g^^^r^ + ■ ■ ■ + g^''^^ + t^'^^g], 
for < A; < n — 3, when n — 1 is even, 

g, = g + ^(2)r2 + . . . + ^("-2)^n-2 + g{n-l)^n~l . . . 

for < k < n — 2, when n — 1 is odd, where 

• (7*^2*^ for 2i < n — 1 are local invariants of (5A^"~^,5'); 

• h and trg^^~^^ (n — 1 even) are also local invariant of {dAi"'^^ , g); 

• h and g^"-~^^ (n — 1 odd) are trace free; 

• (n— 1 odd) and trace- free part of g^"'~^'i (n—1 even) are nonlocal. 
For instance, 

^(2) = ^—{Rtc- ^ 



2{n-2Y' 

To construct a candidate to be the right initial metric to apply Theorem 
14. 5[ whose conformal infinity is a perturbation of that of a given conformally 
compact Einstein metric g^ we set 

(5.1) f?^^ = + ^('V^ + ■ ■ ■ + g^^\^ + t^'\g\ 

where gi, is a perturbation of g^, and g^^^ = g^"^"^^ [gi,], 2i < k, are corresponding 
curvature terms of g^ as given in the metric expansion in [FGj . Next let (p 
be a cut-off function of the variable r such that = when r > 1/2 and 
(p = 1 when r < i/i, where Ui < U2 are chosen later. We therefore have the 
candidate 

(5.2) gl, = T-\dr^ + (1 - cP)gr + (^g^^^- 
Immediately we see that 

ht^y - g\\g < C\\gy - g\\ck. 

For the convenience of readers, we include all curvature calculations in the 
appendix. From the calculations in the appendix we observe that 

ll-R"^[^fc,J - R^[9\\\g < C\\gu - 
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and 

(5.3) \\VRm[gtj -VRm[g]\\ < C\\g, - g\\c^+2. 

Hence the metric (^^^^ satisfies the conditions B{kQ, vq, Aq) and | V-Rm| < ki for 
some positive numbers ko,ki,vo, and Aq, if the conformally compact Einstein 
metric g is non-degenerate and — ^||c'=+2 is sufficiently small. 
It is also immediate from (15.21) that 

h[gU = h[9] = in {r > i.^}. 
It is important to observe from (1A.12I) that, for vi < r < U2, 

\\h\\[gl^] < Cr^Uu- 9\\c^+2, 

and, for r < z^i, 

\\h\\[9tj = Cr'^'\\9u-9\\c^.^ 

and 

(5.4) \m\[9U = Cr'^^'\\9u-g\\c'=-^^. 

Thus, as a consequence of Theorem 14. 5t we are able to recover some of the 
works in [Lee] [Bi] as follows: 

Theorem 5.1. Let {Ai^, g) be a conformally compact Einstein manifold of 
regularity with a smooth conformal infinity {dA4, [g]). Assume that g is 
of the non-degeneracy Aq as defined in Definition \2.1\ Suppose that 

(5.5) max{2, ^^-^ - v^} <k + 2. 

for some even k < n — 1. Then, if a smooth metric [g^] is a sufficiently small 
C^^"^ -perturbation of [g], then there is a C"^ - conformally compact Einstein 
metric on M. whose conformal infinity is [gj\ . 

Proof. First of all, from the above discussion, it is clear that gf.^ satisfies the 
conditions i?(A;o, Vq, Aq) and |V-Rm| < ki, where the constants /cq, fo, Aq 
are close to those of the metric g, provided that % is a smooth sufficiently 
small C'^"'"^-perturbation of g. We claim that, for any 2 < 7 < A; + 2, 

\\h\\[glJ\ < er-^ and || V/i|| [^J < Cr^ 

provided that % is a smooth sufficiently small C'^"''^-perturbation of g. In 
fact, for an appropriately small z/i > 0, for any e > 0, 

\\m9U<^r\ 

for all r < z/i, provided that g^ is a smooth sufficiently small C'^"'"^-perturbation 
of g. We also know that 

\\h\\[9U < Cr\g^ - g\\c... < ei^J 
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for r > ui, if \\gu — ^||c*+2 is small enough. We will take 1^2 = 2z^i. Notice 
that ||V0||g < C. Therefore we can have 

(5.6) \\h\\[9tu] < and \\Vh\\[gtj < er^ on M 

when ll^v — 5' 1 1 0*^+2 is sufficiently small. Of course we will use the number 7 
such that 



n — 1 I (n — 1] 

1 < 



2 V 4 

Thus Theorem 14. 51 applies and gives the existence of C^-conformally compact 
Einstein metre on Ai with the conformal infinity {DM., [Qv])- D 

We would like to remark that the reason we need to consider (7^+^ per- 
turbations is because of fl2.14p in Lemma 12. 5[ With a little more careful 
calculations and the use of Holder norm we can obtain the following: 

Theorem 5.2. Let (A^", g), n > 5, be a conformally compact Einstein 
manifold of regularity with a smooth conformal infinity {dj^, [g]). And 
suppose that the non- degeneracy 

/— n — 1 

for {Ai"', g). Then, for any smooth metric g^ on dAi, which is sufficiently 
C^'" close to some g G [g] for any a G (0, 1), there is a conformally compact 
Einstein metric g^ on M. which can he conformally compactfied with the 
conformal infinity [gy\ . 

To take advantage of the Holder continuity in the expansions we use the 
following simple analytic lemma. For simplicity we will state in the context 
of a piece of fiat boundary in Euclidean space, but it is easily seen to hold 
in our context when the coordinate x„ is replaced by the geodesic defining 
function of asymptotically hyperbolic manifolds. 

Lemma 5.3. Let B{2R) = {x G R" : |x| < 2R, x„ = 0} and cj) G 
C°'"(S(2i?)). Then we can extend (j) to a smooth function u on B{R) x 
(0,i?) C R" such that 



\u{x' , Xn) — = Cx'^, 



and 



—m+a 

1 



\D^u{x' , Xn) \ = Cx^ 

where x = (x', Xn), |/?| = /3n)| = md m > 1 
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Proof. We will use a moUifier to extend the boundary function and show 
that the smoothened function satisfies the desired estimates. Precisely, let 
T e C^(i?"~^), r > be a moUifier with support in B{1) C -R""-^ and satisfy 

/ 

We then define 

u{x\xr,) = x^-" / r{'^-^)(i>{y')dy' e C^{B{R) x (0,i?)). 
Hence it is easily calculated that 

u{x\xn)-4>{x') = [ ri'^^mv') - c^{x'))dy' 

= / T{z'){(t>{x' - XnZ') - (t>{x'))dz' 
Jb{1) 

< Cxl 
When m > 1 we always have 

Df^u{x',Xn) = Xl-" I P^{^^){^{y') - <t>{x'))dy' , 

J -^n 

where Pjs e with support in -B(l). For instance, 

P^o,i){z')^{l-n)T{z')-VTiz')-z' 

and 

P(,,o)(^') = Df^'riz'). 
Therefore we can conclude that 

\D^u{x',Xn)\ < Cx-"'+". 

□ 

Now we can use the above lemma to construct a good initial metric near by 
a given non-degenerate conformally compact Einstein metric in C^'" topology. 

Lemma 5.4. Let {Ai'^, g) be a conformally compact Einstein manifold of 
regularity with a smooth conformal infinity {dM., [g]). Assume r is the 
geodesic defining function associated with g E [g]. Let g„ be a smooth pertur- 
bation of g on dM. such that 

\\9u-g\\c'^,'- < £• 

Then there is a smooth AH metric go on M.'^with conformal infinity [g^], and 

(1) \\go - g\\g < Ce and ||rM - V[g]\\ < Ce ; 

(2) \\h{go)\\, = Cr^+" and \\Vh{go)\\g = Cr^+^ ; 

(3) \\Rm[go\ - Rm[g]\\g < Ce and \\VRm[go] - VRm[g]\\g < C, 
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near the boundary, where C is a constant independent of go ■ 
Proof. First let 

Tu = -{Ric{g„' 



the Schouten tensor for g^, which is close to the Schouten tensor T of the 
metric g in C°'" on the boundary dM.. We apply Lemma [5.31 to extend Ty 
to T, which is defined in a neighborhood of dM.. Then we construct 

go = r~'^{dr'^ + gu + r'^T) 

near the boundary, and defined to be g inside of as we did in the proof 
Theorem 15.11 Therefore the lemma follows from Lemma 15.31 and calculations 
in the appendix. □ 

Finally the proof of Theorem 15.21 goes with little change from the proof 
of Theorem 15.11 after Lemma 15.41 It is good to realize that Theorem 15.21 
recovers the perturbation theorem of Graham and Lee in [GLj . because a 
perturbation of the standard hyperbolic metric on the unit Euclidean ball 
I?" as given in Theorem 15.21 clearly has the non- degeneracy close to that of 
hyperbolic metric, which is . 

Appendix A. Curvature for AH metrics 

Suppose that (A^, g) is an asymptotically hyperbolic manifold and that r 
is the geodesic defining function associated with the representative g of the 
conformal infinity {dAi, [g]). Hence in the Fermi coordinate at the infinity 
boundary we have the metric in norm form 

(A.l) g = r^'^g = r^^(dr'^ + gr). 

We will use the convention that the Latin letters stand for the index: 1, 2, ■ ■ ■ , n 
and the Greek letters stand for the index: 1,2,---,?t, — 1. We will identify 
r = x^. Recall that the Riemann curvature tensor is given as 

2) ^^J'^' ^ ^{-djdigik - didkgji + didigjk + djdkgu) 

- g"'''{[ik,m][jl,n] - [il,m][jk,n]) 
and the Ricci curvature tensor is given as 
(A. 3) Rik = g^^Rijkh 

where the Chrsitoffel symbol of second kind is given as 

(A.4) [ij, k] = ^{digjk + djg^k - dtgij). 
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We start with computing ChristofcU symbols of second kind. 
(A. 5) [nn, n] — 

(A. 6) [nn, a] — [na, n] — 

(A. 7) [a/5, n] = -[na, /3] = r~^ga^ - ^r'^gais 

and 

(A.8) [a/3,7] = r-2[«/3,7][^]- 

Then we calculate the Riemann curvature tensor. 

^nnnn ^nnnk ^nnij 

(A.9) Rnanp = -r-'g^^ + + \r-'g^'g'^s9',0 - \r-^9% 

(A.IO) Rn^^s = ^r-^-Vag'^S + ^Sg'a^) 



and 



(A.ll) 



-Ra7/35 = ^{gcxpg-iS - gaSg-y^) - '^{g'a^g'^S - 9aS9y0) 



Therefore we can get the Ricci curvature. 



Rna^lg''\-^ag',S + ^Sga,) 



and 



Rap = -{n - ly-^ga/S - ^g'aP + ( 2 ~ 1)^"^^"^ + 2'^~^9'^^9jS9a^ 



J^^^f 75^1/3 + \9^^9'aS9'p^ + RiCaM- 
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To summarize, for the curvature h = Ric + (n — 1)^^, we have 

h — -r-^n°l^n' -4- -n<^Pn^^n' n' - -n<^l^n" 



(A. 12) 



\ n 1 

/ia/3 = -1^9% + (2 ~ l)^"^^"/3 + 2^~^9^^9'^59afi 

I . . 1 



- ^9^^9'^s9ap + l^9^^9ccsd{i^ + RiCap{9r)- 

Appendix B. Evolution equations for curvatures 

We collect some basic evolution equations of geometric quantities under 
NRF in the following lemma for the convenience of the readers. 

Lemma B.l. Along the normalized Ricci flow ( li.i^) . we have: 

(B.l) ^^hi, = Ahi, + 2Rip,ghP'^ - 2hiph''^ = -{Al + 2{n - l))h,j 

(B.2) |||/.f = A\\hr-2\\Vhr + 4R,,,,h^^h^^ 
d 

(B.3) —Rlj,, = -g^PiViVjhkp + ViVkhjp-ViVphjk 

—'Vj'Vihkp — V jVkhip + VjVp/ijfc} 

d 

(B.4) —\\Rm\\^ = A\\Rmf ~2\\VRmf + Rm* Rm + h* Rm* Rm 
d 

(B.5)^|| Vi?mf = A\\VRmf -2\\V'^Rmf + Rm*VRm*VRm 

(B.^ll V^i^mf = A\\V'^Rmf -2\\V^Rmf + Rm*V'^Rm*V'^Rm 

+VRm * VRm * V^Rm 

d 

(B.7) jrWVhf = A\\Vhf -2\\V^hf + h*Vh*VRm 



+Rm * V/i * V/i 



(B.8) ^||V2/i||2 = A\\V^hf -2\\V^hf + VRm*Vh*V^h 

(J L 

+Rm * V^h * V^/i + h* V^Rm * V^/i 

Here, * denotes linear combinations (including contractions with g{t) and its 
inverse g{t)~^ ). 
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Proof of Lemma \B.l\ For the calculations of ( IB.ll) and ( ]B.3I) . one may refer 
to (2.31) and (2.66) in fULN] . Notice that 

d d 

—VA-V—A = A*Vh 
ot at 

and that 

V(AA) - AiVA) = VRm * A + Rm*VA 

for tensor fields A. One then may calculate all the evolution equations in the 
lemma. □ 
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